Abstract. Supplementing the work of A.Ya. Helemskii we show that a von Neumann algebra is injective if and only if all its normal dual Banach left modules are 1-injective in the sense of the homology of Banach algebras. Nuclear C * -algebras are characterized in a similar manner.
Introduction
Let M be a unital Banach algebra. For any a ∈ M , let L a and R a be the corresponding left and right multiplication operators on M . All Banach modules over M will be assumed to be contractive and unital, and morphisms between them will be bounded linear maps commuting with the given actions. With any Banach left M -module X we associate a linear contraction α : X → L(M, X) by (αξ)(x) = xξ, the action of x ∈ M on ξ ∈ X, satisfying α(aξ) = αξ • R a , for ξ ∈ X and a ∈ M . L will denote the space of all bounded linear operators and ⊗ the projective tensor product of Banach spaces. A von Neumann algebra M acting on a Hilbert space h is called injective if there is a bounded linear projection of norm 1 from L(h) onto M . In his papers [11] and [12] , A.Ya. Helemskii discovered a deep relationship between the injectivity of a von Neumann algebra and the injectivity of some of its Banach modules. In particular, he proved in [12, Theorem, p.77] , that all normal dual Banach modules over an injective von Neumann algebra are injective in the sense of (1.1). We show 2.6. Corollary. -A von Neumann algebra M is injective if and only if all normal dual Banach left M -modules are 1-injective.
The constant 1 is significant in so far as it is unknown at present whether the existence of any bounded linear projection from L(h) onto M implies the injectivity of M ; concerning this problem see the papers by G. Pisier, [16] , and E. Christensen and A.M. Sinclair, [4] and [5] . Helemskii further showed, [11, Theorem 3, p.558 Our proofs use Haagerup's characterization of injective von Neumann algebras, [9] , and are, in fact, easy consequences of it. They are different from Helemskii's and constitute therefore also new proofs of his theorems quoted above. Although we formulate and prove (2.6) and (3.2) only for left modules, these are valid also for right modules. Let us finally recall the theorem of A. Connes, according to which a von Neumann algebra M is injective if and only if it is the σ-weak closure of the union of an increasing net of finite dimensional C * -subalgebras each of which containing the identity of M , and that this property itself is equivalent to the amenability of M in the sense of Johnson-Kadison-Ringrose, again by a theorem of Connes, [6] . For these and other equivalences we refer to Takesaki's third volume, [19] . A Banach left-M module X will be called dual if there is a Banach right M -module X * whose dual left module, (X * ) * , is isometrically isomorphic to X. In this case, X is called normal if, for any ξ ∈ X and ϕ ∈ X * , the linear functional ξϕ ∈ M * , defined by ξϕ(x) = ξ(ϕx) = (xξ)(ϕ), x ∈ M , actually belongs to M * . If X is any dual Banach left M -module, it becomes a left M * * -module under the action, given by Johnson in [13, p.16-17] ,
This action extends the action of M on X and, for fixed ξ ∈ X, the mapping x →xξ,x ∈ M * * , is σ-weak-weak * continuous from M * * into X. Let X be a dual Banach left M -module. For any bounded linear operator T : M → X, we denote byT : M * * → X its unique σ-weak-weak * continuous extension, defined byTx(ϕ) =x(T * ϕ), forx ∈ M * * and ϕ ∈ X * , having the same norm as T . The idea for the following lemma stems from [He2, Lemma 2,p.559].
2.2. Lemma. -Let M be a von Neumann algebra and X a normal dual Banach left M -module with predual X * . Defining, for any ϕ ∈ X * and T ∈ L(M, X),
we have: (i) The bounded bilinear forms W ϕ,T and V ϕ,T are separately σ-weakly continuous on M * * and M , respectively, and of norm ≤ ϕ T each;
Proof of (i). Let us fix ϕ ∈ X * , T ∈ L(M, X) and write W ϕ,T = W and V ϕ,T = V . Fixỹ ∈ M * * ; for any net (x α ) σ-weakly converging tox in M * * , the net (x α (Tỹ)) converges weak * tox(Tỹ) s.t. lim W (x α ,ỹ) = W (x,ỹ). To prove the σ-weak continuity of W in the second variable, we consider the bounded linear operator w,
Since W is σ-weakly continuous in the first variable, w takes its values in M * , and we will denote this operator by the same symbol w : 
, entailing the σ-weak continuity of W in the second variable. The separate σ-weak continuity of V is easy. Let us fix, for instance, x ∈ M . Since for any f ∈ M * , we have f.z o ∈ M * , the σ-weak convergence of (y α ) to y in M implies the σ-weak convergence of (y α z o ) to yz o in M * * so that the continuity of W in the second variable implies lim V (x, y α ) = V (x, y). Certainly, the norms of
and
Proof of (iii). Let ϕ ∈ X * and ξ ∈ X. With α : X → L(M, X) defined by αξ(x) = xξ for x ∈ M , we have (αξ) * (ϕ) = ξϕ for ϕ ∈ X * , and hence (αξ)˜(x) =xξ, the action ofx ∈ M * * on ξ. This gives, for any (
since, by the normality of X, ξϕ ∈ M * and therefore (ξϕ)z o = ξϕ.
Let π : M ⊗M → M be the multiplication of the von Neumann algebra
, for f ∈ M * and a, b ∈ M , such that π * and (π * )
* are M -bimodule morphisms.
2.4. Proposition. -Let M be an injective von Neumann algebra. Then every normal dual Banach left M -module is 1-injective.
Proof. Let X be a normal dual Banach left M -module, with predual X * and action αξ(x) = xξ, for ξ ∈ X and x ∈ M . By (1.2), it suffices to show that there exists a bounded linear map λ : L(M, X) → X of norm one satisfying λ(T • R a ) = a(λT ) and λ(αξ) = ξ, for all ξ ∈ X, T ∈ L(M, X) and a ∈ M . Let I(M ) be the set of isometries u in M , u * u = 1. Since M is injective, there exists by Haagerup's Theorem 2.1, [9, p.306], a state m on l ∞ (I(M )) such that, for any separately σ-weakly continuous bilinear form V on M and all a ∈ M , we have
By defining
we obtain an element ω ∈ B σ (M, M ) * of norm one and satisfying Let now V ϕ,T ∈ B σ (M, M ) be the bilinear form associated with ϕ ∈ X * and
This defines a bounded linear map λ : L(M, X) → X of norm ≤ 1 and having the properties stated above. Indeed, we have, for any a ∈ M , by (2.2.ii ),
and, for any ξ ∈ X, by (2.2.iii ),
since all modules were assumed to be unital. 
and such that, for any V ∈ B σ (M, M ), the linear functional λV on M ,
is σ-weakly continuous, i.e. λV ∈ M * . This defines a linear map λ : B σ (M, M ) → M * of norm ≤ 1 and having the stated properties. Indeed, for any V ∈ B σ (M, M ) and a ∈ M , we have
and, for any f ∈ M * ,
Let, conversely, λ : B σ (M, M ) → M * be any bounded linear map with the stated properties. Taking duals, we get a map λ * ,
for any x and a, b in M , so that, with 1 the unit element of M , Lemma. -Let M be a von Neumann algera. Then there exists a linear projection, P σ , of norm one from
Proof. Let V ∈ B(M, M ). It follows from [15, Theorem 2.3]
, that there exists a unique separately σ-weakly continuous bilinear formṼ on M * * ,Ṽ ∈ B σ (M * * , M * * ), extending V and being of the same norm. With z o ∈ M * * being the central projection satisfying M * = M * z o , we define P σ on B(M, M ) by
Since P σ V is separately σ-weakly continuous, cf. the last paragraph of the proof of (2.2.i ), we see that P σ is a linear contraction from
. Fix x ∈ M , and let V x ∈ M * be defined by V x (y) = V (x, y), y ∈ M . For anyỹ ∈ M * * , we have, by choosing a net (y α ) in M σ-weakly converging toỹ in M * * ,
in virtue of the σ-weak continuity ofṼ in the second variable. V x belonging to M * , by assumption, implies
Fix nowỹ ∈ M * * , and letỹṼ ∈ M * * * be defined byỹṼ (x) =Ṽ (x,ỹ),x ∈ M * * . It follows from the two-step construction ofṼ (and the σ-weak continuity of V in the first variable), cf. [15, Lemma 2.1, p.75], that the restriction ofỹṼ to M is σ-weakly continuous, such thatṼ (x,ỹ) =Ṽ (xz o ,ỹ), for all x ∈ M . For anyx ∈ M * * , we therefore obtain, for any net (x α ) in M σ-weakly converging tox in M * * ,
in virtue of the σ-weak continuity ofṼ in the first variable. Withỹz o instead ofỹ, we getṼ (x,ỹz o ) =Ṽ (xz o ,ỹz o ) and finally such that λ • π * = id M * , implying the injectivity of M , by (2.7). For the other direction, we will copy Helemskii's argument, [11, p.565] . Hence, let M be injective. By (2.7), there are an M -bimodule morphism λ of norm one such that λ•π * = id M * ,
and, by (2.8), an M -bimodule projection P σ of norm one from B(M, M ) onto
B(M, M ) being 1-injective, by (1.3), the 1-injectivity of M * follows now easily using (1.1).
3. Nuclear C * -algebras 3.1. LetA be a C * -algebra and let, for any a ∈ A, L a and R a be the corresponding left and right multiplication operators on A. Identifying (A ⊗A) * with B(A, A), the space of bounded bilinear forms on A, the dual of the multiplication of A, π : A ⊗A −→ A, is a mapping π * :
A Banach left A-module X is called dual if there is a Banach right A-module X * whose dual left module is isometrically isomorphic to X. We shall assume that X is faithful such that the action α : X −→ L(A, X), αξ(x) = xξ, ξ ∈ X, x ∈ A, is injective, cf. [7, p.390] ; this is equivalent to X * being essential, i.e. the linear hull of the products ϕx, ϕ ∈ X * , x ∈ A, being dense in X * . Let us recall that the Banach space bidual, A * * , of any C * -algebra A is a von Neumann algebra, the enveloping von Neumann algebra of A. By the theorem of Choi-Effros, [3] , A is nuclear if and only if A * * is injective, and this is the case if and only if A is amenable, by the theorems of Connes and Haagerup, [6] and [9] .
3.2. Proposition. -Let A be a von C * -algebra. A is nuclear if and only if every dual Banach left A-module is 1-injective.
Proof. Let A be nuclear. By Haagerup's theorem, [9, Theorem 3.1, p.311], there exists a virtual diagonal of norm one for A, i.e. an element ω ∈ B(A, A)
, for all a ∈ A, ι A denoting the canonical embedding of A into A * * . We are going to define for any dual Banach left A-module X, with predual X * , a bounded linear map λ of norm λ = 1,
satisfying λ(T • R a ) = a(λT ) and λ(αξ) = ξ whenever ξ ∈ X, T ∈ L(A, X) and a ∈ A. For any ϕ ∈ X * and T ∈ L(A, X), let V ϕ,T , be defined by V ϕ,T (x, y) = ϕ, x(T y) , (x, y) ∈ A × A, such that V ϕ,T ∈ B(A, A) is of norm V ϕ,T ϕ T . For T fixed, the linear form ϕ −→ ω(V ϕ,T ), ϕ ∈ X * , is bounded on X * by T and determines therefore an element λT ∈ (X * ) * = X by
of norm λT T . In this way, we obtain a linear contraction λ from L(A, X) into X with the properties stated. To see this, we observe, as in (2.2.ii), that for any a ∈ A,
yielding the first one. To see the second, it suffices to assume ϕ to be of the form ϕ = ψa, for some ψ ∈ X * , a ∈ A, such that
* defined by f (x) = ψ, xξ , x ∈ A, and hence
yielding the second property. X being faithful, the 1-injectivity of X follows now from [7 * is an A-bimodule morphism of norm ϕ ϕ l , satisfying ϕ = ϕ • ι. To prove the last equation, we take a subnet (e β ) of (e α ) such that ϕ(η)(x, y) = lim ϕ(l(yηx))(e β , e β ) (η ∈ Y, (x, y) ∈ A × A).
We then have, for any η ∈ Y 0 , ϕ(ιη)(x, y) = lim ϕ(l(y(ιη)x))(e β , e β ) = lim ϕ(l • ι(yηx))(e β , e β ) = lim ϕ(yηx)(e β , e β ) = lim (yϕ(η)x)(e β , e β ) = lim ϕ(η)(xe β , e β y)
i.e. ϕ • ι = ϕ. The bimodule property of ϕ follows directly from its definition.
3.4. Proposition. -Let A be a C * -algebra. A is nuclear if and only if its dual Banach A-bimodule A * is 1-injective.
Proof. Let us remark first of all that the A-bimodule morphism π * : A * −→ B(A, A) admits, for any A, a bounded linear left inverse l. With (e α ) an approximate unit for A of norm 1, we define, for any α, a linear contraction l α : B(A, A) −→ A * by l α V (x) = V (x, e α ), V ∈ B(A, A) and x ∈ A. Then every weak *-accumulation value, l, of (l α ) in L(B (A, A) , A * ) = (B(A, A) ⊗A) * is a linear contraction from B(A, A) into A * and satisfies, for some subnet (e β ) of (e α ),
If A * is injective, there exists by definition (1.1) an A-bimodule morphism λ,
* , maps the unit element 1 of A * * onto a virtual diagonal ω = λ * (1) for A, since, as in the proof of (2.7),
and π * * ω = π * * (λ The proof of (3.3) shows that the A-bimodule B(A, A) is c 2 -injective. ω being a virtual diagonal for A of norm ω = d, we see, as in the proof of (3.4) , that A * is c 2 d-injective.
4.5.
It would be interesting to know if every abstract Banach algebra A admits a dual Banach left A-module X whose injectivity is equivalent to the amenability of A. Certainly, the group algebra A = L 1 (G) of a locally compact group G is amenable if and only if the left A-module X = C, a.ξ = ( a)ξ, a ∈ L 1 (G), ξ ∈ C, is injective.
